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Abstract
The set of trees with n vertices and the set of trees with perfect matchings are denoted by Fn
and T2k , respectively. M. Hofmeister determined the .rst .ve maximum value of the largest
eigenvalue of trees in Fn and gave the corresponding trees (Linear Algebra Appl. 260 (1997)
43–59). Focusing on the largest eigenvalue of trees in T2k , this paper will give the .rst seven
maximum value of that of trees in T2k and their corresponding trees. In other words, an order
of trees in T2k by their largest eigenvalues is extended to the seventh position.
c© 2002 Elsevier B.V. All rights reserved.
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1. Introduction
In this paper, we consider only .nite graphs without multiple edges and loops.
Let G be a graph with vertex set {v1; v2; : : : ; vn}. Its adjacency matrix A(G)= (aij) is
de.ned to be the n× n matrix (aij), where aij =1 if vi is adjacent to vj, and aij =0
otherwise. The characteristic polynomial of G is just det(I −A(G)), which is denoted
by P(G; ). Since A(G) is a real symmetric matrix, all of its eigenvalues are real. We
assume, without loss of generality, that they are ordered in decreasing order, i.e.
1(G)¿2(G)¿3(G)¿ · · ·¿n(G)
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Fig. 1.
and call them the eigenvalues of G. The eigenvalues of a bipartite graph have physical
interpretations in the quantum chemical theory, so it is signi.cant and necessary to
investigate the relations between the graph-theoretic properties of G and its eigenvalues.
If G is a bipartite graph, then i(G)=−n−i+1(G); i=1; 2; : : : ; n=2. When moreover
A(G) is nonsingular, then the number of vertices of G must be even. And suppose that
G has n=2k vertices, thus G will have exactly k positive and k negative eigenvalues.
In particular, if a bipartite graph G is a tree, then A(G) is nonsingular if and only if
G has a perfect matching. Throughout the paper, we always denote by T2k the set of
trees with perfect matchings on 2k vertices and Fn the set of trees on n vertices. Up to
now, many results on the eigenvalues of trees in Fn have been obtained (see [7,8,10]).
On the largest eigenvalue for a tree T in Fn, especially, a classical upper bound is the
following.
Theorem 1.1 (CvetkoviJc et al. [4], Schwenk and Wilson [9]). Let T be a tree in Fn.
Then
1(T )6
√
n− 1
and the equality holds if and only if T ∼= S1n , the star with n vertices.
M. Hofmeister had re.ned this result and obtained the following results.
Theorem 1.2 (Hofmeister [7]). Let T be a tree in Fn\{S1n} and n¿4. Then
1(T )6
√
1
2 (n− 1 +
√
n2 − 6n+ 13)
and the equality holds if and only if T ∼= S2n which is shown in Fig. 1.
Theorem 1.3 (Hofmeister [7]). Let T be a tree in Fn\{S1n ; S2n} and n¿4. Then
1(T )6
√
1
2 (n− 1 +
√
n2 − 10n+ 33)
and the equality holds if and only if T ∼= S3n which is shown in Fig. 1.
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Fig. 2.
Theorem 1.4 (Hofmeister [7]). Let T be a tree in Fn\{S1n ; S2n ; S3n} and n¿5. Then
1(T )6
√
1
2 (n− 2 +
√
n2 − 8n+ 24)
and the equality holds if and only if T ∼= S4n which is shown in Fig. 1.
Theorem 1.5 (Hofmeister [7]). Let T be a tree in Fn\{S1n ; S2n ; S3n ; S4n} and n¿6. Then
1(T )6
√
1
2 (n− 1 +
√
n2 − 10n+ 29)
and the equality holds if and only if T ∼= S5n , or T ∼= S5
′
8 , occurring with 8 vertices
only, which are shown in Fig. 1.
D. CvetkoviJc had indicated twelve directions in further investigations of graph spectra
in [5]. One of these directions but on which less progress has been made is “Classifying
and ordering graphs”. In other words, an ordering of the .rst .ve trees in Fn by their
largest eigenvalue is given by above results. In contrast to above, a few results are
known about the eigenvalues of trees in T2k (see [11,13,1,14,3]). The purpose of this
paper is to .nd upper bounds for the largest eigenvalue of trees in T2k . G.H. Xu made
the following start result.
Theorem 1.6 (Xu [13]). Let T be a tree in T2k . Then
1(T )6 12 (
√
k − 1 +√k + 3); k =1; 2; 3; : : :
and the equality holds if and only if T ∼= T 12k , where T 12k is a tree obtained from the
star K1; k−1 by joining a new end-vertex to each vertex in K1; k−1 (as shown in Fig. 2).
Following above result, we have proved the next result.
Theorem 1.7 (Chang [3]). Let T be a tree in T2k\{T 12k}, and k¿4. Then
1(T )6
1
2
[√
1
2
(k − 1 +
√
k2 − 6n+ 13) +
√
1
2
(k + 7 +
√
k2 − 6n+ 13)
]
and the equality holds if and only if T ∼= T 22k which is shown in Fig. 2.
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Fig. 3. The graphs in S.
We will continue to re.ne this two results in this paper by successively removing
trees from our consideration. In fact, these results obtained in this paper will give an
ordering for the .rst seven trees in T2k by their largest eigenvalue.
2. Preliminaries
We need some groundwork before giving our main results. Let H be the graph
obtained from the graph G with vertex set {v1; v2; : : : ; vk} in the following way:
(1) To each vertex vi of G a set ui of p new isolated vertices is added;
(2) vi is joined by an edge to each of the p vertices of ui (i=1; 2; : : : ; k).
There exists the following relation between the characteristic polynomial of H and
that of G.
Lemma 2.1 (CvetkoviJc [4]). P(H; )= kpP(G; − p=).
Let X2k be the set of trees on 2k vertices obtained from a tree Tˆ on k vertices by
taking p=1 in above procedure (1) and (2). If a tree T ∈T2k has a perfect matching,
this matching is unique. Contracting each edge of the matching in T yields a tree Tˆ of
Fk . This mapping of T2k to Fk is onto, since each tree F in Fk is the image [C(F) of
the tree C(F)∈T2k that is obtained from F by adding a pendent edge to each vertex
of F (the matching of C(F) is obviously made from the k new pendent edges). The
image of the mapping C is just X2k ⊂ T2k that is generally not the whole T2k since,
e.g. the graph P2k , k¿3 and S3 of Fig. 3 have a matching that contains nonpendent
edges. So for any T ∈X2k , we call the tree Tˆ the contracted tree of the tree T . If Tˆ is
the contracted tree of a tree T , then T is often denoted by C(Tˆ ).
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Lemma 2.2. Let T be a tree in X2k , and Tˆ be the contracted tree of T . Then
1(T )= 12 [
√
21(Tˆ ) + 4 + 1(Tˆ )]:
Proof. By Lemma 2.1, we have P(T; )= kP(Tˆ ;  − 1=). Assume that i(Tˆ ) is the
ith largest eigenvalue of Tˆ , i=1; 2; : : : ; k. Then
P(T; ) = k
k∏
i=1
(− 1 − i(Tˆ ))
=
k∏
i=1
(2 − i(Tˆ )− 1):
So the positive eigenvalues of T are 12 (
√
2i (Tˆ ) + 4 + i(Tˆ )); i=1; 2; : : : ; k. Since
f(x)= 12 (
√
x2 + 4+x) is a increasing function of the variable x, the largest eigenvalue
of T is 1(T )= 12 (
√
21(Tˆ ) + 4 + 1(Tˆ )).
The proof is completed.
From Lemma 2.2 and Theorems 1.1–1.5, we immediately get the following results
on the largest eigenvalues of a tree in X2k .
Corollary 2.1. Let T be a tree in X2k . Then
1(T )6 12 (
√
k − 1 +√k + 3); k =1; 2; 3; : : :
and the equality holds if and only if T ∼=C(S1k )=T 12k .
Corollary 2.2. Let T be a tree in X2k\{T 12k}, and k¿4. Then
1(T )6
1
2
[√
1
2
(k − 1 +
√
k2 − 6k + 13) +
√
1
2
(k + 7 +
√
k2 − 6k + 13)
]
and the equality holds if and only if T ∼=C(S2k )=T 22k .
Corollary 2.3. Let T be a tree in X2k\{T 12k ; T 22k}, and k¿4. Then
1(T )6
1
2
[√
1
2
(k − 1 +
√
k2 − 10k + 33) +
√
1
2
(k + 7 +
√
k2 − 10k + 33)
]
and the equality holds if and only if T ∼=C(S3k ).
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Corollary 2.4. Let T be a tree in X2k\{T 12k ; T 22k ; C(S3k )}, and k¿5. Then
1(T )6
1
2
[√
1
2
(k − 2 +
√
k2 − 8k + 24) +
√
1
2
(k + 7 +
√
k2 − 8k + 24)
]
and the equality holds if and only if T ∼=C(S4k ).
Corollary 2.5. Let T be a tree in X2k\{T 12k ; T 22k ; C(S3k ); C(S4k )}, and k¿6. Then
1(T )6
1
2
[√
1
2
(k − 1 +
√
k2 − 10k + 29) +
√
1
2
(k + 7 +
√
k2 − 10k + 29)
]
and the equality holds if and only if T ∼=C(S5k ), or C(S5
′
8 ).
De!nition 2.1. Let T be a tree in Fn, and n¿3. e= uv is a nonpendent edge of T . T1
and T2 are two components of T − e, u∈T1, v∈T2. T0 is the graph obtained from T
in the following way.
(1) Contract the edge e= uv(i.e. identify u of T1 with v of T2).
(2) Add a pendent edge to the vertex u(= v).
We call procedures (1) and (2) the edge-growth transformation of T , or e.g.t of T
for short (see Fig. 4). If T is transformed into T0 by one step of e.g.t, we denote this
procedure by T →T0.
Lemma 2.3 (Xu [13]). Let T be a tree with at least a nonpendent edge in Fn, and
n¿3. If T →T0, then 1(T0)¿1(T ).
We have noticed that if M is the perfect matching of T ∈T2k , then M is unique,
and each pendent edge of T belongs to M . Furthermore, we can give a partition
for trees in T2k in the following way. Let X t2k = {T |T ∈T2k , and there are exactly t
nonpendent edges which belong to the perfect matching of T}. Then T2k =
⋃k−2
t=0 X
t
2k ,
where X 02k =X2k . Obviously, the set X
k−2
2k contains only the tree P2k . It is not diOcult
to see that for any tree T ∈X t2k , t=1; 2; : : : ; k, one can transform T into T ′ ∈X2k by
using exactly t steps of e.g.t continuously. We also notice that two graphs T 12k and T
2
2k
belong to X2k .
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Because the characteristic polynomial of a graph has only real roots, we only deal
with the polynomials with real roots in this paper. If f(x) is a polynomial in the
variable x, the degree of f(x) is denoted by @(f), and the maximum root of the equa-
tion f(x)= 0 by 1(f). Many discussions in the next sections rely on the comparison
between the largest roots of two polynomials. The next result provides an ePective
method to do this.
Lemma 2.4. Let f(x); g(x) be two monic polynomials with real roots, and @(f)¿
@(g). If f(x)= q(x)g(x)+r(x), where q(x) is also a monic polynomial, and @(r)6@(g),
1(g)¿1(q), then
(1) When r(x)= 0, then 1(f)= 1(g);
(2) When r(x)¿0 for any x satisfying x¿1(g), then 1(f)¡1(g);
(3) When r(1(g))¡0, then 1(f)¿1(g).
Proof. (1) Obviously;
(2) If 1(f)¿1(g), then
0= q(1(f))g(1(f)) + r(1(f)):
Since 1(g)¿1(q), and g(x); q(x) are monic, we have g(1(f))¿0; q(1(f))¿0.
Thus r(1(f))=−q(1(f))g(1(f))60, a contradiction.
(3) Since f(x) is a monic polynomial, and f(1(g))= r(1(g))¡0, one immediately
knows that the result holds.
The proof is completed.
Smith [12] has determined the set S of all connected graphs having largest eigen-
value not greater than 2. Those graphs in S are displayed in Fig. 3.
From Smith’s result, we can easily get the following corollary.
Lemma 2.5. Let T be a tree in T2k , and k¿4. If T ∼=P2k , and T ∼= S3, then 1(T )¿2.
We shall .nd that the trees, we consider in this paper usually satisfy the condition in
Lemma 2.5, i.e., their largest eigenvalues are greater than 2. The following two results
are often used to calculate the characteristic polynomial of trees.
Lemma 2.6 (CvetkoviJc et al. [4]). Let G be the graph obtained by joining the vertex
u of the graph G1 to the vertex v of the graph G2 by an edge. Then
P(G; )=P(G1; )P(G2; )− P(G1\u; )P(G2\v; ):
Lemma 2.7 (CvetkoviJc et al. [4]). Let v be a vertex of degree 1 in the graph G and
u be the vertex adjacent to v. Then
P(G; )= P(G\v; )− P(G\{u; v}; ):
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3. Main results
We .rst give our main results in this section.
Theorem 3.1. Let T be a tree in T2k , k¿4, and T =∈{T 12k ; T 22k}. Then
1(T )6R1
and the equality holds if and only if T ∼= T 32k which is shown in Fig. 5, and R1 is the
maximum root of the equation 6 − (k + 2)4 + 2k2 − 1=0.
Theorem 3.2. Let T be a tree in T2k , k¿4, and T =∈{T 12k ; T 22k ; T 32k}. Then
1(T )6R2
and the equality holds if and only if T ∼= T 42k which is shown in Fig. 5, and R2
is the maximum root of the equation 8 − (k + 3)6 + (3k + 2)4 − (k + 4)2 +
1=0.
Theorem 3.3. Let T be a tree in T2k , k¿6, and T =∈{T 12k ; T 22k ; T 32k ; T 42k}. Then
1(T )6
1
2
[√
1
2
(k − 1 +
√
k2 − 10k + 33) +
√
1
2
(k + 7 +
√
k2 − 10k + 33)
]
and the equality holds if and only if T ∼= T 52k =C(S3k ).
Theorem 3.4. Let T be a tree in T2k ; k¿6, and T =∈{T 12k ; T 22k ; T 32k ; T 42k ; T 52k}. Then
1(T )6
1
2
[√
1
2
(k − 2 +
√
k2 − 8k + 24) +
√
1
2
(k + 6 +
√
k2 − 8k + 24)
]
and the equality holds if and only if T ∼= T 62k =C(S4k ).
Theorem 3.5. Let T be a tree in T2k , k¿6, and T =∈{T 12k ; T 22k ; T 32k ; T 42k ; T 52k ; T 62k}. Then
1(T )6R3
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Fig. 6. The trees in class (I).
and the equality holds if and only if T ∼= T 72k which is shown in Fig. 5, and R3 is the
maximum root of the equation 6 − (k + 2)4 + (3k − 4)2 − 1=0.
The remaining sections of this paper mainly will give the proofs of these results.
4. The proofs of Theorems 3.1 and 3.2
To prove Theorems 3.1 and 3.2, more preparations are needed.
Lemma 4.1. Let Ta2k be the tree with the maximum value of the largest eigenvalue
in X 12k . If T ∈X 22k , then 1(T )¡1(Ta2k).
Proof. Since T →T0 ∈X 12k , by Lemma 2.3, we have
1(T )¡1(T0)61(Ta2k):
Lemma 4.2. If T ∈X 12k , and T →T0 ∈X2k , T0 =∈{T 12k ; T 22k}, k¿4. Then
1(T )¡1(T0)6
1
2
[√
1
2
(k − 1 +
√
k2 − 10k + 33)
+
√
1
2
(k + 7 +
√
k2 − 10k + 33)
]
and the equality holds if and only if T0∼=C(S3k ).
Proof. Since T0 =∈{T 12k ; T 22k}, and, by Lemma 2.3, C(S3k ) is the unique tree with the
maximum value of the largest eigenvalue in X2k\{T 12k ; T 22k}, one immediately gets the
result by Lemma 2.3.
We .nd that if T is a tree in X 12k such that T →T 12k , then T is in the class (I) of
trees, say F1ij , as shown in Fig. 6, where 16i6j6k − 2, and i + j= k − 1.
On the other hand, if T is a tree in X 12k such that T →T 22k , then T is in the class
(II) of trees which consists of two kinds of trees, say F1ij and T
b
2k , as shown in Fig. 7,
where i¿1; j¿0, and i + j= k − 3.
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Fig. 7. The trees in class (II).
By Lemmas 2.6 and 2.7, it is not diOcult to get the next result.
Lemma 4.3. The characteristic polynomials of the trees F1ij ; F
2
ij and T
b
2k are, respec-
tively,
P(F1ij ; ) = (
2 − 1)k−3[6 − (k + 2)4 + (k + ij + 2)2 − 1];
P(F2ij ; ) = (
2 − 1)k−5[10 − (k + 4)8 + (4k + 4 + ij + i)6
− (4k + 4 + 3ij + 2i)4 + (k + 4 + ij + i)2 − 1];
P(Tb2k ; ) = (
2 − 1)k−4[8 − (k + 3)6 + (3k + 2)4 − (k + 4)2 + 1]:
Lemma 4.4 (Chang [3]). Let T be a tree in the class (I) of trees. Then
1(T )6R1
and the equality holds if and only if T ∼=F11(k−2), where k¿3 and R1 is the maximum
root of the equation 6 − (k + 2)4 + 2k2 − 1=0.
Lemma 4.5. Let T be a tree in the class (II) of trees. Then
1(T )6R2
and the equality holds if and only if T ∼= Tb2k , where k¿4 and R2 is the maximum
root of the equation 8 − (k + 3)6 + (3k + 2)4 − (k + 4)2 + 1=0.
Proof. There are two claims to prove.
Claim 1. 1(F2(k−3)0)¿1(F
2
ij ), where i¿2; j¿1.
The tree F 2(k−3)0 is the tree F
2
ij when i= k−3; j=0. By Lemma 4.3, the characteristic
polynomial of F2(k−3)0 is P(F
2
(k−3)0; )= (
2−1)k−4[8−(k+3)6+(4k−2)4−2k2+1].
Let g()= 8 − (k +3)6 + (4k − 2)4 − 2k2 + 1, and f()= 10 − (k +4)8 + (4k +
4+ ij+ i)6− (4k +4+3ij+2i)4 + (k +4+ ij+ i)2− 1. Since j= k − 3− i¿1, we
have k¿i + 4¿6. Obviously, 1(F2(k−3)0); 1(F
2
ij ) are greater than 2 by Lemma 2.5,
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and the maximum roots of the equation g()= 0; f()= 0, respectively. It is easy to
see that
f() = (2 − 1)g() + 2[(ij + i + 3− k)4
− (3ij + 2i − 2k + 6)2 + (ij + i + 3− k)]:
Let r()= (ij + i + 3− k)4 − (3ij + 2i − 2k + 6)2 + (ij + i + 3− k)]. Then
r′() = 2[(2ij + 2i + 6− 2k)2 − (3ij + 2i − 2k + 6)]
= 2[(2(i − 1)k + 6− 4i − 2i2)2 − ((3i − 2)k + 6− 7i − 3i2)]:
When i=2, r′()= 4(k − 5)(2− 2). Since k¿6, we have r′()¿0 if ¿√2; When
i¿2, since k¿i + 4¿i + 3, we have
2(i − 1)k + 6− 4i − 2i2 = 2(i − 1)(k − i − 3)¿0;
(3i − 2)k + 6− 7i − 3i2 = (3i − 2)(k − i − 3)¿0
and
(3i − 2)k + 6− 7i − 3i2
2(i − 1)k + 6− 4i − 2i2 = 1 +
i
2(i − 1)¡2
(
since
i
2(i − 1)¡1 when i¿2
)
:
Thus we also have r′()¿0 when ¿
√
2. So r() is the increasing function of variable
 in (
√
2;+∞) when i¿2.
But r(2)= (5i − 9)(k − i − 3)¿0 (since k¿i + 3 and i¿2).
Hence 2r()¿0 for ∀¿2.
Thus, we have 2r()¿0 for ∀¿1(F 2(k−3)0).
By Lemma 2.4, we know that Claim 1 holds.
Claim 2. 1(Tb2k)¿1(F
2
ij ).
When i¿2, since 1(F2(k−3)0) is the maximum root of the equation 
8− (k +3)6 +
(4k − 2)4 − 2k2 + 1=0, Moreover,
8 − (k + 3)6 + (4k − 2)4 − 2k2 + 1
= [8 − (k + 3)6 + (3k − 2)4 − (k + 4)2 + 1] + (k − 4)2(2 − 1):
When k =4, F2(k−3)0∼= Tb2k ; When k¿5 and ¿1, (k − 4)2(2 − 1)¿0. We know by
Lemma 2.5 that 1(Tb2k)¿2 when k¿5. Hence (k − 4)2(2 − 1)¿0 for ∀¿1(Tb2k).
By Lemma 2.4 and Claim 1, we have 1(Tb2k)¿1(F
2
(k−3)0)¿1(F
2
ij );
When i=1, j= k − 3 − i= k − 4, the characteristic polynomial of F 21(k−4) is
P(F21(k−4); )= (
2− 1)k−5[10− (k+4)8 + (5k+1)6− (7k− 6)4 + (2k+1)2− 1].
When k =4, F2(k−3)0∼= Tb2k ; When k¿5, 1(F21(k−4)) is the maximum root of the equation
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10 − (k + 4)8 + (5k + 1)6 − (7k − 6)4 + (2k + 1)2 − 1=0. Moreover,
10 − (k + 4)8 + (5k + 1)6 − (7k − 6)4 + (2k + 1)2 − 1
= (2 − 1)[8 − (k + 3)6 + (3k − 2)4 − (k + 4)2 + 1]
+ (k − 4)2(4 − 32 + 1)
Since (k − 4)2(4 − 32 + 1)¿0 when k¿5 and ¿
√
1
2 (3 +
√
5) :=1:618. Thus,
we also have (k − 4)2(4 − 32 + 1)¿0 for ∀¿1(Tb2k). By Lemma 2.4, we get
1(Tb2k)¿1(F
2
1(k−4)). Hence, Claim 2 holds. Then the result immediately follows.
Lemma 4.6. Let T be a tree in X 12k . If T →T 12k ∈X2k , or T →T 22k ∈X2k , then
1(T )61(F11(k−2))
and the equality holds if and only if T ∼=F11(k−2).
Proof. By Lemmas 4.4 and 4.5, it suOces to show that 1(F11(k−2))¿1(T
b
2k). Since
the characteristic polynomial of F11(k−2) is P(F
1
1(k−2); )= (
2− 1)k−3[6− (k +2)4 +
2k2 − 1]. So when k¿4, 1(F11(k−2)) is the maximum root of the equation 6 −
(k + 2)4 + 2k2 − 1=0. Moreover,
8 − (k + 3)6 + (3k − 2)4 − (k + 4)2 + 1
= (2 − 1)[6 − (k + 2)4 + 2k2 − 1] + (k − 3)2
Obviously, (k − 3)2¿0 when k¿4 and ¿0. Thus, when k¿4, we also have
(k − 3)2¿0 for ∀¿1(F11(k−2)). Then the result follows by Lemma 2.4.
The following Lemma 4.7 will tell us that F11(k−2) is the unique tree with maxi-
mum value of the largest eigenvalue in X 12k . For convenience, we denote the num-
ber 12 [
√
1
2 (k − 1 +
√
k2 − 10k + 33)+
√
1
2 (k + 7 +
√
k2 − 10k + 33)] in Corollary 2.3
by %.
Lemma 4.7. Let T be a tree in X 12k , and k¿4. Then
1(T )61(Ta2k)
and the equality holds if and only if T ∼= Ta2k =F11(k−2), where 1(Ta2k) is the maximum
root of the equation 6 − (k + 2)4 + 2k2 − 1=0.
Proof. By Lemmas 2.6 and 2.7, it is easy to get the characteristic polynomial of S3k
is P(S3k ; )= 
k−4[4 − (k − 1)2 + (2k − 8)]. We know by Lemma 2.1 that the
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characteristic polynomial of C(S3k ) is
P(C(S3k ); ) = 
k
(
− 1

)k−4 [(
− 1

)4
− (k − 1)
(
− 1

)2
+ (2k − 8)
]
= (2 − 1)k−4[8 − (k + 3)6 + (4k − 4)4 − (k + 3)2 + 1]:
By Corollary 2.3, we know that % is the maximum root of the equation 8 −
(k + 3)6 + (4k − 4)4 − (k + 3)2 + 1=0 when k¿4. Moreover, we have
8 − (k + 3)6 + (4k − 4)4 − (k + 3)2 + 1
=[8 − (k + 3)6 + (3k + 2)4 − (k + 4)2 + 1] + (k − 6)4 + 2:
But (k − 6)4 + 2¿0 when ¿0, and k¿6. Thus, for any ¿1(Tb2k), we have
(k − 6)4 + 2¿0 when k¿6. So by Lemma 2.4, we get 1(Tb2k)¿% when k¿6.
For k =4, and 5, this inequality also holds from the table of the spectra of all trees
with n vertices (26n610) in [4]. Hence, when k¿4, we have 1(Ta2k)= 1(F
1
1(k−2))¿
1(Tb2k)¿%. The result immediately follows by Lemmas 4.2 and 4.6.
Lemma 4.8. Let T be a tree in X 12k , k¿4 and T ∼= Ta2k . Then
1(T )61(Tb2k)
and the equality holds if and only if T ∼= Tb2k , where 1(Tb2k) is the maximum root of
the equation 8 − (k + 3)6 + (3k + 2)4 − (k + 4)2 + 1=0.
Proof. By Lemma 4.5, we know that 1(Tb2k) is the maximum value of the largest
eigenvalue of graphs in the class (II). Next we show that for any F1ij in the class
(I), 1(Tb2k)¿1(F
1
ij ) when F
1
ij ∼= Ta2k . We have got in Lemma 4.3 that the characteristic
polynomial of (F1ij ) is P(F
1
ij ; )= (
2−1)k−3[6−(k+2)4+(k+ ij+2)2−1], where
i+ j+1= k. When F1ij ∼= Ta2k , we have i¿2 and j¿2. Thus k = i+ j+1¿i+3¿i+2.
Moreover, we have
8 − (k + 3)6 + (3k + 2)4 − (k + 4)2 + 1
= (2 − 1)[6 − (k + 2)4 + (k + ij + 2)2 − 1]
+2[(k − ij − 2)2 + ij − 1]:
Let r()= (k − ij − 2)2 + ij − 1. Then r′()= 2(k − ij − 2). Since k − ij − 2=
(1 − i)k + i2 + i − 2= (1 − i)(k − i − 2)¡0, we have r′()¡0 when ¿0. Hence
r() is the decreasing function of variable  in (0;+∞). But
r(2) = 4k − 3ij − 9=3i2 + 3i − 9− (3i − 4)k
6 3i2 + 3i − 9− (3i − 4)(i + 3)
= −2i + 3¡0 (since i¿2):
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Hence we have r()6r1(2)¡0 for ∀¿2. Since when k¿4, particularly, 1(F1ij )¿2,
hence r(1(F1ij ))¡0. By Lemma 2.4, we get 1(F
1
ij )¡1(T
b
2k). So 1(T
b
2k) is the second
largest value of the largest eigenvalue of graphs in the classes (I) and (II). Moreover, by
the proof of Lemma 4.7, we know 1(Tb2k)¿%. Then the result follows by Lemma 4.2.
The proof is completed.
Lemma 4.9. Let T be a tree in T2k , and T needs at least two steps of e.g.t such that
the transformed graph could belong to X2k . Then 1(T )¡1(Tb2k)
Proof. We notice the character of graphs in the class (I): there does not exist the graph
T in T2k so that T can be transformed into a tree in the class (I) through only one step
e.g.t. Therefore, if T ∈T2k and T →T1→T2 ∈X2k , then T1 ∈X2k and T1 ∼= Ta2k . By the
Lemma 4.8, we have 1(T1)61(Tb2k). Hence, by Lemma 2.3, 1(T )¡1(T1)61(T
b
2k).
The proof is completed.
Denote Ta2k , T
b
2k by T
3
2k , T
4
2k , respectively.
Proof of the Theorem 3.1. For any tree T in T2k , if T =∈X2k on the one hand, by
Lemmas 4.1, 4.7 and 4.9, we have 1(T )61(T 32k) and the equality holds if and only
if T ∼= T 32k ; On the other hand, if T ∈X2k and T =∈{T 12k ; T 22k}, then by Corollary 2.3,
we have 1(T )6%, where % is the value de.ned above. But from the proof of Lemma
4.7, we know that 1(T 32k)¿%. So one gets the result. The proof is completed.
The proof of the Theorem 3.2 immediately follows Lemmas 4.8, 4.9, 4.1 and 1(T 42k)
¿% in the proof of Lemma 4.7.
5. The Proofs of Theorems 3.3–3.5
We .rst determine the third maximum value of the largest eigenvalue of trees in
X 12k . Let T
c
2k be the graph F
1
2(k−3), i.e., the graph when i=2; j= k− i−1= k−3 in the
class (I). From Lemma 4.3 we know that 1(Tc2k) is the maximum root of the equation
6 − (k + 2)4 + (3k − 4)2 − 1=0 when k¿4.
Lemma 5.1 (Chang [2]). Let T be a tree in X 12k , and k¿6. If T ∼= T 32k , and T ∼= T 42k .
Then
1(T )61(Tc2k)
and the equality holds if and only if T ∼= Tc2k , where 1(Tc2k) is the maximum root of
the equation 6 − (k + 2)4 + (3k − 4)2 − 1=0.
Lemma 5.2. If k¿6, then we have 1(Tc2k)¿1(C(S
5
k )) and 1(T
c
2k)¿1(C(S
5′
8 )).
Proof. This proof consists of two claims.
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Claim 1. 1(Tc2k)¿1(C(S
5
k )).
By Lemma 2.6, it is easy to get that the characteristic polynomial of S5k is P(S
5
k ; )=
k−4[4 − (k − 1)2 + (2k − 7)]. We know by Lemma 2.1 that the characteristic
polynomial of C(S5k ) is
P(C(S5k ); ) = 
k
(
− 1

)k−4 [(
− 1

)4
− (k − 1)
(
− 1

)2
+ (2k − 7)
]
= (2 − 1)k−4[8 − (k + 3)6 + (4k − 3)4 − (k + 3)2 + 1]:
When k¿6, 1(Tc2k), 1(C(S
5
k )) are the maximum roots of the equations 
6−(k+2)4+
(3k − 4)2 − 1=0 and 8 − (k + 3)6 + (4k − 3)4 − (k + 3)2 + 1]= 0, respectively.
Moreover, we have
8 − (k + 3)6 + (4k − 3)4 − (k + 3)2 + 1
= (2 − 1)[6 − (k + 2)4 + (3k − 4)2 − 1] + 2[32 + (2k − 6)]:
But 2[32+(2k−6)]¿0 when k¿3 and ¿0. Thus we also have 2[32+(2k−6)]¿0
when k¿6 and ¿1(Tc2k). So Claim 1 holds by Lemma 2.4.
Claim 2. 1(Tc2k)¿1(C(S
5′
8 )).
Similar to Claim 1, the characteristic polynomial of C(S5
′
8 ) is P(C(S
5′
8 ); )=
(2 − 1)4(8 − 116 + 294 − 112 + 1). 1(Tc2k) is the maximum root of the equation
6 − 104 + 202 − 1=0 when k =8. We have 1(Tc2k) :=2:6957 when k =8,
1(C(S5
′
8 ))
:=2:6764 by direct calculation. So Claim 2 holds.
The proof is completed.
Lemma 5.3 (Zhang et al. [15]). Let G be a connected simple graph, and G′ be a
proper subgraph of G. Then 1(G)¿1(G′).
Lemma 5.4. If k¿5, then
√
k − 2¡1(Tc2k)¡
√
k.
Proof. It is evident that the tree T 12(k−2) is a proper subgraph of T
c
2k . So by Lemma
5.3, we have
1(Tc2k)¿1(T
1
2(k−2))
=
1
2
(
√
k − 3 +√k + 1)
¿
√
k − 2 (when k¿4):
Since 1(Tc2k) is the maximum root of the equation 
6− (k+2)4 + (3k− 4)2− 1=0
when k¿4. Take =
√
k, then
6 − (k + 2)4 + (3k − 4)2 − 1= k2 − 4k − 1:
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Fig. 8. The trees in class (III).
But k2 − 4k − 1¿0 when k¿2 +√5, i.e., k¿5. Thus, 1(Tc2k)¡
√
k when k¿5. The
proof is completed.
Lemma 5.5. Let T be a tree in T2k and k¿6. If T =∈{T 12k ; T 22k ; T 32k ; T 42k ; C(S3k ); C(S4k )},
then 1(T )61(Tc2k).
Proof. By Lemmas 5.1 and 5.2, it suOces to show that for any T ∈T2k , if T needs at
least two step of e.g.t such that the transformed graph belongs to X2k , then 1(T )61
(Tc2k). By Lemma 5.1 we know that T
c
2k is the graph with the maximum value of the
largest eigenvalue in X 12k except for T
3
2k and T
4
2k . So for the graph T above, so long
as the transformed graph which is obtained from T by at least one step of e.g.t is not
the graph T 32k or T
4
2k , then 1(T )¡1(T
c
2k) by Lemma 2.3. But there does not exist the
graph which can be transformed into T 32k ; The graphs which can be transformed into
T 42k are the graphs F
3
ij in the class (III) shown in Fig. 8, where i+ j+3= k and i =0
(otherwise F3ij ∼= T 42k if i = 0).
Therefore, it suOces to show that 1(F3ij )¡1(T
c
2k). By Lemmas 2.6 and 2.7, it is
not diOcult to get that the characteristic polynomial of F3ij is P(F
3
ij ; )= (
2 − 1)k−5
[10− (k +4)8 + (4k + i+ ij− 5)6− (4k +3i+3ij+6)4 + (k +2i+ ij+5)2− 1].
We distinguish the following two cases.
Case 1. When i=1. Then j= k − 4. The characteristic polynomial of F31(k−4) is
P(F31(k−4); )= (
2 − 1)k−5[10 − (k + 4)8 + (5k + 2)6 − (7k − 3)4 + (2k + 3)2 −
1]. Obviously, 1(F31(k−4)) is the maximum root of the equation 
10 − (k + 4)8 +
(5k + 2)6 − (7k − 3)4 + (2k + 3)2 − 1=0 when k¿6. Moreover,
10 − (k + 4)8 + (5k + 2)6 − (7k − 3)4 + (2k + 3)2 − 1
= (2 − 1)2[6 − (k + 2)4 + (3k − 4)2 − 1] + 2[4 − 22 − (k − 5)]:
But 4 − 22 − (k − 5)¿0 when ¿
√
1 +
√
k − 4. Thus, when k¿6, we also have
2[4 − 22 − (k − 5)]¿0 for ∀¿1(Tc2k)(¿
√
k − 2). Then, by Lemma 2.4, we have
1(F31(k−4))¡1(T
c
2k).
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Case 2. When i¿2. The characteristic polynomial of F3(k−3)0, i.e., the graph in
the class (III) when j=0; i= k − 3, is P(F3(k−3)0; )= (2 − 1)k−4[8 − (k + 3)6 +
(4k − 1)4 − (3k − 2)2 + 1]. We further prove the following two claims.
Claim 1. 1(F3ij )¡1(F
3
(k−3)0), where i¿2; j¿1.
When k¿6, 1(F3ij ) is the maximum root of the equation 
10 − (k + 4)8 +
(4k + i + ij − 5)6 − (4k + 3i + 3ij + 6)4 + (k + 2i + ij + 5)2 − 1=0. Moreover,
10 − (k + 4)8 + (4k + i + ij − 5)6 − (4k + 3i + 3ij + 6)4
+ (k + 2i + ij + 5)2 − 1
= (2 − 1)[8 − (k + 3)6 + (4k − 1)4 − (3k − 2)2 + 1]
+2[(i + ij − k + 3)2(2 − 3) + (2i + ij − 2k + 6)]:
Let r()= (i+ ij−k+3)2(2−3)+(2i+ ij−2k+6). Since i¿2; j= i+ j+3¿i+3,
we have
i + ij − k + 3= (i − 1)[k − (i + 3)]¿0;
2i + ij − 2k + 6= (i − 2)[k − (i + 3)]¿0:
Hence r()¿0 when ¿
√
3. So when k¿6, we have 2r()¿0 for ∀)¿1(F3(k−3)0).
The Claim 1 holds by Lemma 2.4.
Claim 2. 1(F3(k−3)0)¡1(T
c
2k).
When k¿6, 1(F3(k−3)0) is the maximum root of the equation 
8 − (k + 3)6 +
(4k − 1)4 − (3k − 2)2 + 1=0. Moreover,
8 − (k + 3)6 + (4k − 1)4 − (3k − 2)2 + 1
= (2 − 1)[6 − (k + 2)4 + (3k − 4)2 − 1] + 2(2 − 1):
Obviously, we have 2(2 − 1)¿0 for ∀¿1(Tc2k). Claim 2 holds by Lemma 2.4.
Together with above two claims, we have 1(F3ij )¡1(T
c
2k), when i¿2; j¿1. So
we have the result.
Lemma 5.6. If k¿6, then 1(Tc2k)¡1(C(S
4
k )).
Proof. By Lemmas 2.6 and 2.7, it is not diOcult to get the characteristic polynomial
of the contracted tree S4k of the tree C(S
4
k )
P(S4k ; )= (
2 − 1)k−6[4 − (k − 2)2 + (k − 5)]:
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So the characteristic polynomial of C(S4k ) is
P(C(S4k ); ) = 
k
(
− 1

)k−6 [(
− 1

)2
− 1
]
×
[(
− 1

)4
− (k − 2)
(
− 1

)2
+ (k − 5)
]
= (4 − 32 + 1)(2 − 1)k−6
×[8 − (k + 2)6 + (3k − 3)4 − (k + 2)2 + 1]:
Since the maximum root of the equation 4 − 32 + 1=0 is about 1.618, 1(C(S4k ))
is the maximum root of the equation 8 − (k + 2)6 + (3k − 3)4 − (k + 2)2 + 1=0
when k¿6, and
8 − (k + 2)6 + (3k − 3)4 − (k + 2)2 + 1
= 2[6 − (k + 2)4 + (3k − 4)2 − 1] + 4 − (k + 1)2 + 1:
The two positive roots of the equation 4 − (k + 1)2 + 1=0 in decreasing order are
'1 =
√
1
2
(k + 1 +
√
(k + 1)2 − 4)¿'2 =
√
1
2
(k + 1−
√
(k + 1)2 − 4)
and with Lemma 5.4, it is easy to verify that when k¿6, we have '2¡1¡
√
k − 2¡
1(Tc2k)¡
√
k¡'1. Thus, 41(T
c
2k) + (k + 1)
2
1(T
c
2k) + 1¡0. By Lemma 2.4, we get the
result.
Denote C(S3k ), C(S
4
k ) and T
c
2k by T
5
2k , T
6
2k and T
7
2k , respectively. The proof of the
Theorems 3.3–3.5 immediately follow from Lemmas 5.5, 5.6 and the previous discus-
sions.
6. Conclusion
From the table of the spectra of all trees with n vertices (26n610) in [4] we know
that when k =4, the order of the .rst four values on the largest eigenvalues of trees
in T2k is
1(T 12k)¿1(T
2
2k)¿1(T
3
2k)¿1(T
4
2k)¿ · · · :
When k =5, since T 52k ∼= T 22k , the order of the .rst six values on the largest eigenvalues
of trees in T2k is
1(T 12k)¿1(T
2
2k)¿1(T
3
2k)¿1(T
4
2k)¿1(T
6
2k)¿1(T
7
2k)¿ · · · :
When k¿6, our above results give the order of the .rst seven values on the largest
eigenvalues of trees in T2k as the following:
1(T 12k)¿1(T
2
2k)¿1(T
3
2k)¿1(T
4
2k)¿1(T
5
2k)¿1(T
6
2k)¿1(T
7
2k)¿ · · · :
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Table 1
X2k T 12k T
2
2k T
5
2k T
6
2k · · ·
X 12k T
3
2k T
4
2k T
7
2k · · · · · ·
X 22k · · · · · · · · · · · · · · ·
... · · · · · · · · · · · · · · ·
The distribution of the corresponding trees for their largest eigenvalues of tree in T2k
according to the partition in Section 2 are displayed in Table 1.
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